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Abstract
We consider surface gravity currents in fresh water where the temperatures
of the current and the ambient are on opposite sides of the temperature of
maximum density. Buoyancy reversal may occur in the current, due to entrain-
ment of ambient water to produce a mixture that is denser than the ambient.
Using an empirical parametrisation of entrainment in lock-release gravity cur-
rents, the distance travelled and time taken before the current is arrested due to
buoyancy reversal are calculated as functions of the initial temperatures. This
is done for two-dimensional and axisymmetric geometries, with a free surface
and with a no-slip lid. The distance travelled and the speed of the current
both increase with increasing initial buoyancy, but the distance is limited by
loss of fluid from the head of the current to its tail; the time taken depends on
the balance between these effects. There is greater entrainment under a no-slip
lid than a free surface, so gravity currents generally travel further in the latter
case.
Keywords: Gravity current, Fresh water, Maximum density, Buoyancy re-
versal
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1 Introduction
Power stations discharge cooling water at temperatures approximately 10◦C higher
than it is taken in (Macqueen, 1979). The discharged water is therefore less dense
than the receiving water; if it is released near the surface it will spread out as a
gravity current at the surface, but if it is released at greater depth it will rise to
the surface before spreading out as a light gravity current. Thus it is expected that
the warm water will not have any significant effect on the ecology of the bed of the
receiving water body. However, an exception to this may occur if the receiving water
is below the temperature of maximum density, approximately 4◦C in fresh water but
decreasing with increasing salinity in brackish water. Mixing between the warm water
in a surface gravity current and the cold receiving water can then produce water which
is denser than either component, the so-called cabbeling phenomenon (e.g. Foster
(1972)). This dense water will sink to the bed of the receiving water body, and will
then spread along the bed as a dense gravity current. Evidence for this was found
in Lake Michigan by Hoglund and Spigarelli (1972), although these authors were
principally concerned with the biological implications of the spread of warm water
along the lake bed, and did not attempt to analyse the dynamics. Alternatively, if
the warm water is released at depth in the expectation that the rising plume will
entrain sufficient ambient water to be well diluted before spreading over the surface,
the entrainment may in fact make the plume denser than than the ambient; thus the
plume may rise some distance towards the surface but will then form a “fountain”
with dense water returning to the bed outside the rising plume.
The case of a surface gravity current of water above the temperature of maximum
density being released into ambient water below Tmd was investigated in the labo-
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ratory by Marmoush et al. (1984) (hereafter referred to as MSH). The mixing was
found to be sufficiently vigorous to eventually arrest the gravity current, after which
a plume was observed to descend from the head of the arrested current. MSH found
an empirical scaling law for the distance travelled by the gravity current before arrest,
but did not analyse the subsequent descending plume.
The object of the present work is to develop a theoretical analysis of the surface
gravity current; the plume will be analysed in a subsequent paper. Fundamental
to our analysis is a parametrisation of entrainment, the physical process which is
responsible for the most interesting features of both stages. The gravity current has
reversing buoyancy, being initially lighter than the ambient water but then becoming
denser. Gravity currents with reversing buoyancy have previously been studied in the
case where the density difference between the current and the ambient fluid is due to
suspended matter: if the interstitial fluid in the particle-laden current is lighter than
the ambient fluid, but the particle concentration is initially sufficient to make the
current denser than the ambient, settling out of particles will eventually reduce the
current density to below that of the ambient fluid (Sparks et al., 1993). In this case, an
equation describing particle settling is crucial; such an equation is well established in
studies of particle-driven gravity currents (e.g. Bonnecaze et al. (1993)). In contrast,
there is no commonly used formula to describe entrainment into gravity currents;
in the analysis below we shall use the formulae derived by Hallworth et al. (1996)
(hereafter HHPS) using dimensional analysis supported by laboratory measurements.
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2 Modelling the entrainment
The present study is motivated by power station discharges, which in most cases
are continuous. However, constant-flux gravity currents are difficult to realise in
the laboratory, and most laboratory experiments on gravity currents are of the lock-
release type, in which the current has constant volume. In particular, MSH performed
lock-release experiments, and the entrainment theory of HHPS also applies to the
constant-volume case; although the latter authors also performed some constant-flux
experiments, they did not derive any entrainment formulae from them. Thus the
theory presented in this section is strictly applicable only to a certain laboratory set-
up, but it is hoped that this may at least be a useful first step in understanding the
phenomenon in the field.
Lock-release gravity currents are characterised by an initial “slumping” phase
followed by a self-similar phase (Simpson, 1997). During the slumping phase, the
fluid behind the lock advances while fluid from in front of the lock forms a return
current, which reflects from the back wall in the form of a bore. This behaviour
can be seen clearly in MSH’s Figure 3, reproduced here as Figure 1, in which the
gravity current is arrested before the reflected bore has caught up with the head of
the gravity current. More generally, the bore will overtake the head of the current
when the current has travelled a distance approximately equal to 10 lock lengths in
a straight channel (Rottman and Simpson, 1983) or 3 lock radii in a circular tank
(HHPS); at this point the slumping phase ends and the self-similar phase starts.
Since MSH used a lock which was one-quarter of the total length of their channel, the
transition to self-similar behaviour could never have occurred in their experiments.
This poses a problem, however, since HHPS find that entrainment into the head is
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negligible during the slumping phase; it would seem reasonable that the head of
the gravity current could only be arrested as a result of buoyancy reversal near the
temperature of maximum density if fluid below Tmd is entrained into the head, a
process which only occurs to any significant extent in the self-similar phase according
to HHPS. Furthermore, experiments on entrainment into gravity currents on slopes
have typically found entrainment coefficients which tend to zero or very small values
as the slope angles tend to zero (Ellison and Turner, 1959; Dallimore et al., 2001;
O¨zgo¨kmen and Chassignet, 2002). On the other hand, it has long been recognised that
the region just behind the head is where the most vigorous mixing takes place, leaving
a layer of mixed fluid behind. MSH observed filaments of dense fluid descending from
this mixed layer, but it is from just behind the head that the sinking plume associated
with the eventual arrest of the current emanates.
Detailed experiments on entrainment during the slumping phase were done by
Hacker et al. (1996) and by Chen and Lee (2001), but entrainment laws derived
from their results concern entrainment into the total volume of the gravity current;
furthermore, all the experiments are for dense currents running over no-slip beds.
However, for comparison with the observations of MSH and with field conditions, the
experiments of HHPS which concern the head of the current and which were done for
light currents under a free surface seem most relevant. Flow under a no-slip lid is also
of importance in that it would relate to the problem of warm discharges into an ice-
covered lake, and this is covered by HHPS’s experiments on currents over a smooth,
no-slip bed. Thus we shall use the entrainment laws of HHPS, while recognising that
they refer to a later stage of the flow than that observed by MSH. There now follows
a summary of those empirical results and model assumptions of HHPS which will be
required for our analysis.
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Figure 1: Stages in a lock-release experiment with water warmer than 10◦C released
into ambient water close to 0◦C (from MSH)
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Throughout its progress the gravity current head loses fluid to the tail at a rate
described by a coefficient k, whereas it entrains ambient fluid at a rate α only during
the self-similar phase; it is found that k > α in all cases, so that the head would
eventually cease to exist as a separate entity if it were not arrested. An entrainment
ratio may be defined as
E ≡ volume of entrained ambient fluid in head
volume of original current fluid in head
, (2.1)
so that when density differences are entirely due to temperature differences we have
E =
T0 − T
T − T∞ , (2.2)
where T is the temperature of the head which originally consisted purely of fluid at
temperature T0 but has entrained ambient fluid at temperature T∞. Thus E = 0 at
the point of release and remains at zero throughout the slumping phase; it then in-
creases monotonically with distance travelled during the self-similar phase. Formulae
for the entrainment ratio as a function of distance travelled are presented below for
both two-dimensional and axisymmetric geometries, the latter presumably being more
applicable to a point discharge into a lake; lengths x and cross-section areas A refer
to the two-dimensional case, whereas radii r and volumes V refer to the axisymmetric
case.
The gravity current fluid is assumed to originally occupy the full depth H of a
lock of length x0 or radius r0, from which it is released into a channel or circular tank
of the same depth. The slumping phase lasts until the head has travelled a distance
xs = 10.4x0 or rs = 3r0, (2.3)
at which point its cross-section area or volume has been reduced by loss of fluid to
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the tail from the original value
A0 = Hx0 or V0 = piHr
2
0 (2.4)
to
As =
1
4
[
−kSxs + {(kSxs)2 + 4A0}1/2
]2
(2.5)
or
Vs =
1
4
[
−
(
pi
2
)1/2
kSr3/2s +
{
pi
2
k2S2r3s + 4V0
}1/2]2
(2.6)
Here S is a shape factor which relates the height h of the head to its cross-section
area A:
h = SA1/2 , (2.7)
which in the axisymmetric geometry becomes
h = S
(
V
2pir
)1/2
; (2.8)
the shape factor is constant during the self-similar phase. Examining the dependence
of As and Vs on the lock dimensions, we find that, for given depth H,
As → A0 as x0
H
→ 0, Vs → V0 as r0
H
→ 0; (2.9)
As → H
2
(kSxs/x0)2
as
x0
H
→∞, Vs ∼ 2piH
3
k2S2(rs/r0)3
r0
H
as
r0
H
→∞ . (2.10)
During the self-similar phase the area or volume of the head decreases with dis-
tance travelled according to
A = As
[
1− S(k − α)
2
√
As
(x− xs)
]2
(2.11)
or
V = Vs
[
1−
√
2pi S(k − α)
3
√
Vs
(r3/2 − r3/2s )
]2
, (2.12)
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and the entrainment ratio is
E =
(
A
As
)−α/(k−α)
− 1 or E =
(
V
Vs
)−α/(k−α)
− 1 . (2.13)
The head would cease to exist where A→ 0 or V → 0, at a distance
xc = xs +
2
√
As
S(k − α) (2.14)
or
rc =
{
r3/2s +
3
√
Vs√
2pi S(k − α)
}2/3
. (2.15)
Values of the constants in these formulae are only available empirically. In the
numerical calculations below we have used the following values, taken from Table 2
of HHPS. For a gravity current along a free surface:
α = 0.019, k = 0.203, S = 0.55; (2.16)
for a gravity current along a smooth, no-slip boundary (representing flow under an
ice cover):
α = 0.065, k = 0.142, S = 0.71. (2.17)
These values apply in the two-dimensional case; HHPS did not do any experiments
on axisymmetric flow with a free surface, although values measured for a smooth,
no-slip boundary are rather similar in the axisymmetric and two-dimensional cases.
For consistency, we will assume that the same values apply for axisymmetric flows as
for the corresponding (free-surface or no-slip-lid) two-dimensional flows.
3 Run-out distance
We consider a release of a volume of water at initial temperature T0 into ambient
water at temperature T∞ in the regime where the density ρ of water at temperature
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T is given by
ρ = ρm − β(T − Tm)2. (3.1)
Here Tm = 3.98
◦C, the temperature of maximum density for fresh water and ρm =
1.000× 103 kg.m−3 is the density at that temperature. The constant β has the value
8.0× 10−3 kg.m−3(◦C)−2 according to Moore & Weiss (1973), who state that (3.1) is
correct to within ±4% in the range 0◦C < T < 8◦C for pure water at atmospheric
pressure; Oosthuizen & Paul (1996) state that a quadratic relationship is a good fit
to experimental data for temperatures up to 10◦C, implying that (3.1) is adequate to
analyse a power station cooling water discharge at 10◦C into an ambient at 0◦C.
The situation of interest is where |T0−Tm| > |Tm−T∞|, with either T0 > Tm > T∞
or T∞ > Tm > T0; the symmetry of (3.1) ensures that in both cases the discharge is
lighter than the ambient, although the former case appears to be of greater practical
relevance. The gravity current will advance until it has mixed with sufficient ambi-
ent fluid for its density to become equal to that of the ambient. This occurs at a
temperature T = 2Tm − T∞, corresponding to an entrainment ratio
E =
T0 + T∞ − 2Tm
2Tm − 2T∞ (3.2)
according to (2.2). It is then necessary only to substitute from (2.11) or (2.12)
together with (2.13), and then solve for x or r to find the run-out distance, defined as
the final length or radius attained by the gravity current. Results in this section will
be presented graphically using dimensionless variables defined using the water depth
H as a length scale and (Tm − T∞) as a scale for temperature variations.
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3.1 Two-dimensional case
Denoting the run-out distance by xf , we obtain
xf = xs +
2
√
As
S(k − α)
1−
(
T0 − T∞
2(Tm − T∞)
)−(k−α)/2α (3.3)
from (2.11), (2.13) and (3.2). The distance xc at which the head loses its identity
provides an upper bound on the run-out distance. The effect of the thermal properties
of water in further limiting the extent of the gravity current is indicated by writing
(3.3) in the form
xf − xs
xc − xs = 1− (θ0/2)
−(k−α)/2α , (3.4)
where
θ0 =
T0 − T∞
Tm − T∞ . (3.5)
is the dimensionless initial discharge temperature, and we are focussing on distances
travelled within the self-similar phase (where entrainment is effective). Note that the
entrainment and loss-to-tail constants appear in (3.4) in the combination (k−α)/2α,
which has the contrasting numerical values 4.84 in free-surface flow and 0.592 under a
no-slip lid. The length scale (xc−xs) can be found as a function of the lock dimensions
using formulae given in Section 2.1 above, so that the dimensionless run-out distance
(xf − xs)/H can be obtained as a function of dimensionless discharge temperature
and lock aspect ratio H/x0 for each of the surface boundary conditions. In figure 2
we plot (xf − xs)/H against θ0 for H/x0 = 1 (within the range of aspect ratios in
HHPS’s experiments) for the free-surface and no-slip-lid cases: the contrast between
the behaviours with no-slip and free-slip boundaries is notable. Note that θ0 = 2
corresponds to a discharge with exactly the same density as the receiving water, e.g.
a discharge at 8◦C into receiving water at 0◦C (where we take Tm ≈ 4◦C here and
below, recognising that (3.1) is only approximate).
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Figure 2: Dimensionless run-out length vs. dimensionless initial temperature for
2-dimensional gravity currents. Solid line: free surface. Dashed line: no-slip lid.
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The entrainment constant α is more than three times greater for flow under a no-
slip lid than for a free surface, a difference attributed by HHPS to the fact that only
with a no-slip condition is there a turbulent overturning motion at the front. Greater
entrainment is expected to lead to reduced run-out lengths, and this is indeed reflected
by the results for moderate values of θ0. In particular, as θ0 → 2,
xf − xs
xc − xs ∼
k − α
4α
(θ0 − 2) , (3.6)
indicating greater run-out distance when entrainment is less. With θ0 = 2.5, corre-
sponding to a discharge at 10◦C into receiving water at 0◦C, we obtain xf−xs = 7.5H
for a free surface but xf − xs = 2.7H under a no-slip lid, for a lock with H/x0 = 1.
However, for large values of θ0 (in which case the theory based on (3.1) is only appli-
cable when the receiving water is very close to the temperature of maximum density),
the nonlinear thermal properties of water are less important in determining the run-
out length. The gravity current head can then proceed almost to the point where it
runs out of volume due to loss of fluid to the tail:
xf → xc as θ0 →∞ . (3.7)
From equation (2.14), (xc − xs) is inversely proportional to (k − α), which is the net
rate at which volume is lost; this factor is greater under a free surface, so run-out
lengths are greater under a no-slip lid in the limit of large θ0: for H/x0 = 1 we find
that (xc−xs) = 11.4H in free surface flow whereas (xc−xs) = 22.1H under a no-slip
lid. Noting that these values are not much larger than the length of the slumping
stage (xs = 10.4H), it is clear that any error in the assumption of zero entrainment
during the slumping stage could have a major effect on the predictions of run-out
distance.
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3.2 Axisymmetric case
From (2.12), (2.13) and (3.2), the run-out distance is
rf =
r3/2s + 3
√
Vs√
2pi S(k − α)
1−
(
T0 − T∞
2(Tm − T∞)
)−(k−α)/2α
2/3 (3.8)
or, analogously to (3.4),
r
3/2
f − r3/2s
r
3/2
c − r3/2s
= 1− (θ0/2)−(k−α)/2α . (3.9)
The radii rs and rc may be calculated as a function of lock dimensions from formulae
and numerical data in Section 2.1. In Figure 3 we plot the dimensionless run-out
distance beyond the end of the slumping phase against θ0, for a lock aspect ratio
H/r0 = 1/3, the value used in most of HHPS’s experimental runs.
The trends are similar to those found for two-dimensional flow. For moderate
values of dimensionless discharge temperature, the run-out distance is greater for the
free-surface flow in which entrainment is less: at θ0 = 2.5, we find (rf − rs) = 5.7H
under a free surface but (rf − rs) = 2.2H under a no-slip lid. For large θ0, the
run-out distance approaches the distance at which the head loses its identity, which
is given by (rc − rs) = 8.2H under a free surface but (rc − rs) = 14.2H under a
no-slip lid. These values are all for a lock aspect ratio H/r0 = 1/3, so that rs = 9H;
thus these theoretical results are even more vulnerable to error than those for two-
dimensional flow if there is non-negligible entrainment in the slumping phase, as
MSH’s experiments suggest.
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Figure 3: Dimensionless run-out distance vs. dimensionless initial temperature for
axisymmetric gravity currents. Solid line: free surface. Dashed line: no-slip lid.
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4 Speed and run-out time
The above analysis is essentially kinematic. The dynamics of an inviscid gravity
current are governed by an inertia-buoyancy balance, expressed in the scaling law
u = Fr
√
g′h (4.1)
which relates the speed u of the gravity current head to its buoyancy g′ and depth h
via a Froude number Fr. The buoyancy is defined by
g′ = g
ρ∞ − ρ
ρm
, (4.2)
where ρ and ρ∞ are the densities of the gravity current and the ambient water, and
the maximum density has been used as a reference density. Using (3.1) and (2.2) we
can express this in terms of the entrainment ratio and the original temperatures:
g′ =
gβ
ρm
T0 − T∞
1 + E
{
T0 − T∞
1 + E
− 2(Tm − T∞)
}
. (4.3)
Formulae for E from Section 2.1 can then be used to obtain g′ as a function of linear
or radial distance travelled by the gravity current head.
Benjamin (1968) has derived a theoretical relation between the Froude number
and the depth ratio h/H, where H is the total depth of fluid. However, most recent
authors have preferred the empirical relation proposed by Huppert & Simpson (1980):
Fr =

1.19 (0 ≤ h/H ≤ 0.075)
0.5(h/H)−1/3 (0.075 ≤ h/H ≤ 1)
(4.4)
The head depth h is found as a function of distance travelled from formulae in Section
2.1. The right-hand side of (4.1) is then entirely in terms of x or r as the only
independent variable; writing u = dx/dt or u = dr/dt and integrating from x = xs
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or r = rs at t = ts, we can plot the progress of the gravity current until the run-out
time tf at which it comes to rest due to losing all buoyancy.
Note that (4.4) introduces a somewhat artificial, but nevertheless useful, distinc-
tion between a “shallow-water” (h/H > 0.075) and a “deep-water” (h/H < 0.075)
regime, which needs to be taken into account in the integrations to find x(t) or r(t).
A gravity current may remain within one or other of these regimes during its entire
progress, or it may start in the shallow-water regime and transfer to the deep-water
regime as its head depth decreases relative to the constant total water depth. To as-
sess these possibilities, we need to know the regime in which it enters the self-similar
phase: this is determined by hs/H where hs is the depth of the head at the end of the
slumping phase, found as a function of lock dimensions by substituting the formulae
for As or Vs into (2.7) or (2.8). For instance, in the two-dimensional geometry we
obtain hs/H = 0.32 for free-surface flow and hs/H = 0.43 under a no-slip lid with a
lock of aspect ratio H/x0 = 1; for a long, shallow lock, hs/H → 1/10.4k as H/x0 → 0,
while in the opposite limit hs/H ∼ S
√
x0/H as H/x0 →∞. On the other hand, the
head depth at the run-out distance will approach zero for large initial dimensionless
temperature θ0, but will be close to hs when (θ0 − 2) is small; thus there is certainly
scope for any of the possibilities (transfer from shallow-water to deep-water regime
during the flow, or remaining in one of the regimes throughout) in lock-release ex-
periments. In natural waters it is more likely that the deep-water regime will be
applicable throughout.
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4.1 Two-dimensional geometry
Dimensionless distance and time variables may be defined as
ξ =
x− xs
L
, (4.5)
τ =
(
gβ(Tm − T∞)2
ρmL
)1/2
(t− ts) , (4.6)
where L is some length scale; thus distances and times are measured from the start
of the self-similar phase (x = xs, t = ts). The most appropriate length scale to use is
not clear: the total depth H would provide a scale which is unaffected by changes of
boundary or initial conditions, but is essentially irrelevant in the deep-water regime;
instead, we choose
L = xc − xs , (4.7)
the distance that a gravity current head would travel in the self-similar phase before
losing all its volume (cf. (3.4)). This length scale varies with surface boundary
conditions (free or no-slip) and with lock geometry (only relevant in the laboratory
context) but, by the same token, its use allows us to “filter out” any effects not related
to the thermal properties of cold water. It also yields the neatest form of the equation
of motion: applying the appropriate substitutions for Fr, g′ and h in (4.1), we obtain
dξ
dτ
= 1.19
(
k − α
2
)1/2
Sθ
1/2
0 (1− ξ)(k+α)/2(k−α)
{
θ0(1− ξ)2α/(k−α) − 2
}1/2
(4.8)
in deep water and
dξ
dτ
= 0.5
(
k − α
2
)1/2
S2/3
(
H√
As
)1/3
θ
1/2
0 (1−ξ)(k+5α)/6(k−α)
{
θ0(1− ξ)2α/(k−α) − 2
}1/2
(4.9)
in shallow water. Note that although lock geometry comes in through its influence
on As in shallow water, there is no dependence at all on lock geometry in deep water
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Figure 4: Progress of free-surface gravity currents in deep water with three values of
dimensionless initial temperature
when variables are defined as above; this confirms that (4.7) is the appropriate length
scale to keep the results relevant for applications outside the laboratory.
Solutions to (4.8) and (4.9) are available in terms of hypergeometric functions,
but it is more useful to simply plot numerical solutions. We start by considering a
gravity current in deep water under a free-surface: its progress is plotted in figure 4
for three different values of the dimensionless initial discharge temperature θ0.
The coordinates of the ends of the curves give the dimensionless run-out times τf
and run-out distances ξf (where the latter appear different to those shown in figure
2 because of the different nondimensionalisation). The faster speed attained with
greater initial buoyancy means that the time taken to run-out decreases with increas-
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ing θ0 over the range of values shown, even though the distance to be covered is
increasing. A fuller picture is given by the solid line in figure 5 which gives dimen-
sionless run-out time as a function of θ0. For small values of initial buoyancy (θ0 close
to 2), the run-out time does increase as the distance to be covered increases, i.e. with
increasing buoyancy:
τf ∼ 1
1.19
(k − α)1/2
2Sα
(θ0 − 2)1/2 as θ0 → 2+ . (4.10)
A maximum of run-out time is reached at θ0 = 2.64, beyond which the increase in
speed of the gravity current due to greater buoyancy exceeds the increase in run-out
distance, resulting in τf decreasing with θ0:
τf ∼ 2
3/2(k − α)1/2
1.19(k − 5α)S θ
−1
0 as θ0 →∞ , (4.11)
where this last formula is valid provided that k > 5α, as is the case with a free surface.
The effect of finite total water depth is illustrated in figure 6, which compares the
progress of gravity currents in deep water and from a lock release with H/x0 = 1, for
θ0 = 2.5 in both cases. A gravity current in a shallow channel must use some of its
energy to accelerate a return flow in the ambient water, and this is reflected in the
decreased value of Froude number and the slower progress (to the same final run-out
distance) shown in figure 6; the difference in speed is greatest at the start of the flow,
when the gravity current head has its greatest depth relative to that of the channel.
Note that the gravity current with θ0 = 2.5 does not enter the deep-water regime
at any time, but that for larger values of θ0 the transition does occur; nevertheless,
the main features of the comparison remain true for all θ0. A comparison of run-out
times for deep-water and shallow lock-release cases is given in figure 5: the run-out
time is always greater in shallow water, and the maximum of τf occurs at θ0 = 2.40,
a lower value than in deep water. The latter effect arises because the reduction in
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Figure 5: Run-out time vs. dimensionless initial temperature for free-surface gravity
currents in deep water (solid line) and from a lock release with H/x0 = 1 (dashed
line).
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Figure 6: Progress of free-surface gravity currents with θ0 = 2.5 in in deep water
(solid line) and from a lock release with H/x0 = 1 (dashed line).
average speed due to finite-depth effects is greater for lower values of θ0, when the
head depth does not reduce so much within the short run-out distance.
Gravity currents beneath a no-slip lid show broadly similar trends to those under a
free surface. However, corresponding to the much slower increase of run-out distance
with increasing buoyancy (due to the greater entrainment), the run-out times also
increase more slowly and reach a maximum at a higher value of θ0. This is shown
in figure 7, where it is seen that the maximum value of run-out time is attained at
θ0 = 6.32 in deep water and at θ0 = 4.73 in the shallow lock-release example. For
large values of θ0, the run-out time decreases as θ
−(k−α)/4α
0 , more slowly than the
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Figure 7: Run-out time vs. dimensionless initial temperature for no-slip-lid gravity
currents in deep water (solid line) and from a lock release with H/x0 = 1 (dashed
line).
θ−10 dependence in free-surface flow; the difference is because k < 5α for a no-slip
lid. Note that values of dimensionless time in this plot are not directly comparable
to those in figure 5 due to the dimensionless variables being defined in relation to a
length scale which differs between the two cases.
4.2 Axisymmetric geometry
Calculations equivalent to all those done for the two-dimensional gravity currents have
also been done for the axisymmetric case. The algebra is slightly more complicated,
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but the numerical results are very similar to those presented above for two-dimensional
gravity currents. We do not therefore present any details here; they are available from
the author if required.
5 Conclusions
A surface gravity current in fresh water may experience buoyancy reversal if the
temperatures of the gravity current and the ambient are on opposite sides of the tem-
perature of maximum density. This will occur as a result of entrainment of ambient
water, such that the mixed water becomes denser than the ambient. Since entrain-
ment is greatest at the head of a gravity current, it is here that the buoyancy reversal
is expected to occur, arresting the current as found in the lock-release experiments of
MSH.
Our theoretical analysis of this phenomenon uses a parametrisation of entrain-
ment formulated by HHPS for lock-release gravity currents. Our concerns about the
applicability of this parametrisation are set out below; nevertheless, the following
salient results are expected to be at least qualitatively correct:-
• For most initial temperature conditions of practical interest, the run-out dis-
tance (i.e. distance travelled in the self-similar phase until the current is ar-
rested) is greater under a free surface than under a no-slip lid. This is because
entrainment is greater under a no-slip lid. However, for ambient temperatures
approaching the temperature of maximum density (giving large values of our
parameter θ0) the run-out distance approaches a maximum value which is the
distance at which the head would lose its identity (due to loss of fluid to the
tail of the gravity current) irrespective of thermal conditions. This maximum
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run-out distance is greater under a no-slip lid than under a free surface.
• While the speed of a gravity current increases with increasing initial buoyancy
(parametrised by θ0), the time taken to reach the point of arrest is governed by a
balance between this effect and the increase in run-out distance with increasing
buoyancy; the former effect applies for all θ0, whereas the latter effectively ceases
at a moderate value of θ0. Thus the time taken reaches a maximum for a value
of θ0 within the range of practical interest.
• Results for axisymmetric gravity currents are qualitatively similar to those for
two-dimensional geometry.
Questions over the relevance of our analysis arise principally from the apparent
conflict between the experimental observations of MSH and those of HHPS. The
former authors observed a gravity current arrested within its slumping phase, as a
result of entrainment into the head (there was also some mixed fluid further back, but
the main descending plume, indicating reversed buoyancy, formed below the head). In
contrast, the latter observed negligible entrainment into the head during the slumping
phase; the parametrisation which we have used applies specifically to the subsequent
self-similar phase. Clearly further experiments, allowing sufficient length of flume
for a gravity current to enter the self-similar phase, will be required to sort out this
conundrum. It is likely that such experiments will guide us to formulating a new
parametrisation of entrainment.
Finally, although all our calculations relate to the lock-release set-up, which has
become the standard means for studying gravity currents in the laboratory, this study
was initially motivated by the rather different situation of a continuous discharge
into a large body of water. While there is evidence that buoyancy reversal does take
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place in warm discharges into cold lakes (Hoglund and Spigarelli, 1972), there are
no observations of the flow in progress. For instance, it is not known whether the
sinking motion takes place primarily from near the head of the warm discharge (as
in the laboratory) or is more evenly distributed. In any case, a different entrainment
hypothesis would certainly be required for a continuous discharge. Whereas we have
developed theory which can be tested in the laboratory, the ultimate aim is to provide
a theoretical description of the phenomenon in the natural environment. That will
require a combination of field observations and better theoretical understanding of
entrainment.
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